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LVIII. Atreatife on the preceffton of the equi- 
noxes^ and in general on the motion of the 
nodes, and the alteration of the inclina- 
tion of the orbit of a planet to the ecliptic, 
lnfcribed to the gentlemen of the Royal 
Society, by M. De St. Jaques Silvabelle. 

Tranjlated jrom the French M. S. by J. Bevis, M. D. 

Introduction. 

Read March T* F the earth were perfectly fpherical, the 
12, 1752. J^ a< cj.j on f the fun on all the parts which 
compofe it, would not produce any effect to make it 
turn round its centre j becaufe the moment, which 
would be produced on one fide, would be always 
counterbalanced by an equal moment on the oppofite 
fide of the centre. 

It would be the fame, if the earth were a fpheroid 
flatted at the poles, and the fun was always in the 
equator, or in the ninetieth degree of declination : 
But in every other degree of declination its action on 
the excefs of matter about the equator has a tendency 
to make the equator approach towards the fun's place, 
or to diminifh the angle of the fun's declination, by 
making the earth's axis to turn round its centre in the 
plane of the circle of the fun's declination. 

The earth has then, at every inftant, two motions 
of rotation ; one about the axe of the equator, called 
rilfo the earth's axe ; and this is the diurnal motion, 

C c c which 
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which is uniform j the other motion of rotation is 
performed about the axe of the circle of the fun's 
declination, which is a diameter of the equator j and 
this motion is produced by the adtion of the fun on 
the redundant matter about the equator, and is conti- 
nually accelerated, from the continual application of 
the folar adtion producing it. 

The point jE> fig. i. «°2, which is the interferon 
of the circumference of the equator and the circum- 
ference of the circle of declination, has two motions, 
whofe directions are perpendicular to each other. 
Let E e be the fpace, which it runs through in an in- 
flant d t y in the circumference of the equator, by the 
uniform diurnal motion, and let E g be the fpace it 
runs through in the fame inftant, in the circumference 
of the circle of declination, by an accelerated motion, 
as has been explained. 

The point E, in vertue of thefe two motions E e 
and £ g, will not circulate either in the circumference 
E e §U $JZ of the equator, or in the circumference 
EePE* P'E of the circle of declination, but forming 
the rectangular parallelogram E e e' g, the diagonal JS e' 
will be theelementary arcofthecircumferenceE eqE 1 , 
in which the point £ will circulate, and the angle 
/ E e will be equal to the angle £>jC q, and equal to the 
angle P'Cp' which the pole P runs through in an in- 
fant in the circumference P'p'gj P $£,P' whofe plane 
Js perpendicular to the plane of the circle of decli- 
nation} and when the lines Ee, Ee are known at 
every inftant, P'p' will alfo be known, fince the 
angle e Ee' as to the angle gjCq** to the angle 
FCp'. 

The 
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The inftantaneous motion of the pole, which is P l p' 
9t Pp, fig. 2. iPi.&tfi*. may be refolved into 
two, P R and P M, perpendicular to each other, and 
both to the earth's axe. The former caufes the pole 
P to move parallel to the ecliptic V © to w, and alters 
the place of the folftice S, and confequently alfo that 
of the equinoctial points V and a ; the latter, which 
is according to P M > alters the inclination of the 
earth's axe to the ecliptic. 

To have the motion of the pole parallel to the 
ecliptic, or, which is the fame, the motion of the 
node T, or the preceffion, in the fame time that the 
fun pafles from the equinox r to the folftice s, take 
the integral of the lines P R, fuppofing P JR gene- 
rally to exprefs the inftantaneous preceffion for any 
declination of the fun 5. 

And to have the alteration of the inclination in the 
fame time that the fun is paffing from T to <s, take 
the fum, or the integral of the lines PM y fuppofing 
P M generally to exprefs the inftantaneous alteration 
of the inclination of the earth's axe to the ecliptic for 
any given declination of the fun. 

The fum of the lines PR is always the fame, and 
has the fame fign, or the fame direction, during every 
quarter of the fun's revolution, whether he moves 
from t to ffi, or from ffi to ■*», or from «a to w, or 
from wtoT; fo that the preceffion anfwering to any 
one quarter of the fun's revolution about the earth, 
or to three months, being known, that multiplied by 
4 will be the annual preceffion $ by 8 will give it for 
two years ; by 1 6 for 4 years, ©V. 

C c c 2 Likewife 



* Fig. 2. is explained at the beginning of Prob. 5. 
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Likewife the fum of the lines P M is ever the fame 
for every quarter of the folar revolution } but it has 
alternatively a contrary fign ; that is, a contrary di- 
rection. During the quarter from t to s, the altera- 
tion of the inclination of the earth's axe to the ecliptic 
is pofitive, and the angle of the inclination increafes; 
but during the fucceeding quarter, or from stoa, 
the alteration of the inclination is negative, and the 
angle of the inclination diminishes : And as the di- 
minution from s to a is equal to the augmentation 
from r to ®, it follows, that at the end of the femi- 
revolution the inclination of the earth's axe to the 
plane of the ecliptic will become again the fame, 
having undergone an ofcillation, which is completed 
in a femirevolution. It is the fame, when the fun 
paffes from & to V . The angle of the inclination in- 
creafes from as to vf , anddecreafes from ye to T, where 
it becomes again the fame it was at -. 

And hence the inclination of the earth's axe to the 
ecliptic may be confidered as conftant, tho' fubjecl: 
to this ofcillation, and indeed to feveral others, which 
will be prefently explained, they being all regular, 
and performed in regular periods. 

The earth's inclination to the ecliptic being con- 
ftant, and the motion of the pole which produces 
the preceffion, being always parallel to the plane of 
the ecliptic, the earth's pole moves in a parallel to 
the ecliptic, about 23 degrees and a half diftant from 
the pole of the ecliptic, and the terreftrial axe de- 
fcribes a conic furface. 

To this motion of the terreftrial axe or pole is to 
be afcribed the apparent motion of the ftars about the 
pole of the ecliptic. 

But 
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But hitherto we have not confidered, that to the 
preceffton, thus caufed by the fun, we are to add that 
likewife produced by the moon ; and it remains, 
that we examine into the motion of the earth's pole, 
caufed by the a&ion of the moon on the redundant 
matter about the earth's equator. 

All, that has been faid concerning the fun, is alike 
applicable to the moon, which we may put in the 
place of the fun ; the moon's orbit in the place of the 
ecliptic j and the time of the moon's revolution round 
the earth in the place of the revolution of the fun 
round the earth : And we fhall find the motion of 
the earth's pole parallel to the lunar orbit, which is 
always the fame at every quarter of the time of the 
revolution of the moon round the earth, and the ofcil- 
lation of the earth's axe to the plane of the lunar or- 
bit, which is completed,, in each femirevolution of 
the moon found the earth. 

But whereas the plane of the lunar orbit, which 
is always inclined to the plane of the ecliptic in an 
angle of about 5 degrees, never continues in a con- 
stant pofition, .like the plane of the ecliptic, fo that 
its pole defcribes a fmall circle parallel to the ecliptic, 
at the diftance of about 5 degrees from the pole 
thereof; it follows, that the preceffion, with refpect 
to the lunar orbit, is not the fame as with refpect to 
the ecliptic j and that the motion of the pole parallel 
to the lunar orbit mould be referred to the plane of 
the ecliptic : Which is done by refolving the motion 
of the pole, parallel to the plane of the lunar orbit, 
into two motions, the one, parallel to the plane of the 
ecliptic, and the other perpendicular thereto, and in 
the plane of the folfticial colure. 

The 
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The fbrmcr of thefe two motions gives the pre- 
ceffion with refpect, to the ecliptic, and has its di- 
rection always the fame way. 

The latter motion has two oppofite dire&ions, in 
the two femirevolutions of the pole of the lunar orbit 
round the pole of the ecliptic, and caufes an ofcilla- 
tion of the terreftrial axe on the plane of the ecliptic, 
which is compleated in a revolution of the pole of 
the lunar orbit round the pole of the ecliptic. 

From all that has been faid, it follows, that there 
are five diftinct motions of the pole of the earth $ 
namely, two of precefiion, which are parallel to the 
plane of the ecliptic, and three of oscillation on the 
plane of the ecliptic. 

The two of precefiion are caufed, the one by the 
fijn, the other by the moon. That, which is caufed 
by the fun, is conftantly the fame at every quarter of 
the time of the revolution of the fun round the earth, 
that is, every three months : That which is caufed by 
the moon, is conftantly the fame at every quarter of 
the time of die revolution of the moon round the 
earth ; that is, about every feven days. 

Of the three motions of ofcilktion, one Is caufed 
by the fun, and is completed in the time of the femi- 
revolution of the fon round the earth, taken from one 
equinox to the following one j that is, in fix months. 

The other is caufed by the moon j and each ofcil- 
ktion is completed in the fpace of a femirevolution 
of the moon round the earth ; that is, in about 14 days. 

The third is eaufed likewife by the moon, and 
arifes from the plane of her orbit being different from 
the plane of the ecliptic, and from the pole of the 
lunar orbit making its revolution about the pole of the 

ecliptic 
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ecliptic in about 18 years and two thirds. And this 
ofcillation is compleated in the time of the revolution 
of the pole of the lunar orbit about the pole of the 
ecliptic ; that is, in about 1 8 years and two thirds. 

It will appear in the memoir, that there is a relation 
purely geometrical between the quantity of the nu- 
tation, during the time of the femirevolution of the 
pole of the lunar orbit, and the quantity of the pre- 
ceffton, caufed Hkewife by the moon in the fame 
time. This relation is quite independent of the force 
of the moon, of the quantity of the earth's flatnefs, 
of the quantity of the terreftrial matter, and, in a 
word, of every thing of a phyfical nature that can 
enter into the problem. 

We are content to examine the motions of the pole 
of the earth produced by the fun and the moon. 
The fame method, and the fame formula, will give 
lifeewife the motions of the terreftrial pole arifing 
from any other planet, as Saturn, Jupiter, &c. but 
thefe motions are too minute to merit attention. 

Whatever has been faid of the action of the fun 
on the redundant matter about the earth's equator, is 
alfo applicable to his action on a fimple ring placed 
at the equator, without adhering to the terreftrial 
globe j -and the motion of the pole of fuch ring may 
be determined by the fame method, and confequently 
the motion of its nodes on the plane of the ecliptic, 
and the alteration of the inclination of its axe to the 
fame plane. And fince thefe motions are the fame, 
whether the ring be fuppofed entire, or a fmall por- 
tion of it only be confidered, or a mere point thereof, 
the motions of the nodes, and the alteration of the 
inclination of a moon, or a fatellite of a planet, may 

thereby 
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thereby be known. And the formula differ in no- 
thing from thofe of the motion of the nodes of the 
earth's equator, and of the alteration of the obliquity 
of the earth's axe to the plane of the ecliptic, but in 
this; that the action of the fun on the ring to make 
it turn, is exerted entirely thereon; whereas in the 
problem of the preceffion this force muft neceffarily 
be diftributed throughout the whole mafs of the earth, 
on account of the adherence of the ring to the globe 
of the earth. 

DIVISION of the WORK. 

This memoir is divided into four fections. 

The i ft fection treats of the motion of the pole of 
the terreftrial equator caufed by the fun. 

The 2d fection treats of the motion of the pole of 
the terreftrial equator caufed by the moon. 

The 3d fection treats of the motion of the pole of 
a ring, or of the orbit of a moon, caufed by the fun. 

The 4th fection contains the application of ihs for- 
mula found in the other fections. 

SECT. I. 

Of the motion of the pole of the terreftrial 
equator caufed by the aclion of the fun. 

Problem I. 

Article I. To find the moment ', which refults from the 
attraction of each particle of the earth towards the 
fun, in the inverfe ratio of the fquare of the difiance, 
to make the earth's axis turn upon its centre C. 
Let EFE'F E, fig. 1. «° 1. be the fection of the 

earth by the plane of the circle of the fun's declina- 
tion ; 
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tion ; P E F E' P the circumference whofe diameter is 
the earth's equator, E E' or P P'. Let E E' be perpen- 
dicular to P P\ and in the equator. Let 1 I be per- 
pendicular to C S, and affume this diameter II for the 
leaver to which all the moments are to be referred. 
The motion of any point, as£, towards the fun, is 

=-j. By refolving this motion into two, one accord- 

S S 

ing to gC y the other parallel to CS; the motion ac- 
cording to g C has no tendency to make the point g 
turn round the centre C. The motion «f the points- 
parallel to C S will be =rj x -tt— or — , -, but the 
* *g S S Sg 

S 
motion of the centre C according to CS is ===-, j 

6 C 

therefore the relative motion of the point g, in regard 

S xS C S 
gard to the centre C, is -—— -— or SXSC* 

The moment of the pointy to turn about the centre 

C, will therefore be S x S C x f JL. __J_ )xgxCI> 

\ Sg & C y 

the moment being the product of the motion by the 
mafs of the body, and by the arm of the leaver. 
And this moment caufes the point J to approach to- 
wards the fun, when it is pofitive, or when SCi& 
greater than S g -, and caufes the point / to recede 
from the fun when it is negative, or when Sg is 
greater than S C. 

Ddd It 
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It will be found, in like manner, that the moment 
©f the point g' to turn about the centre C, is S x S C x 

( ==3 — ===7 J xg'y.CT-, or with regard to the 
\ og S C -^ 

point /which is on the oppofite fide of the centre to 

the point /, this moment, by changing the figns, 

willbe,SxSC^JU— sLry WxCT = S*SCx 
\ SC S g 1 y 

A-j-s. — ---- jxg%C L Therefore the moment 
of the two equal points g and g' to caufe the point I 
to turn about the centre C, is 5 x 5 C x / ===j — =— • J 

X£XC7 + S*SCx^i 3 _ipJx£xC/ = 

If the points 7 and q/ be taken equally diftant from 
the points D and D', as the points g and #', it will 
likewife be found, that the moment of the equal 
points y and y to caufe the point J to turn about the 

centre C, is y x Clx S x JC x f ==i — j^)=7 x 

Therefore the moment of all the four points to- 
gether, g, g, y, y, to caufe the point i" to turn about 

the centre C, is(£— y) xCIxSxSC x A ==r — gpy ' 

which 
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which becomes = © when the pointy can be taken = 
y, as may be done throughout the whole extent of the 
circleP£ P'E'Pjbut if the zoneEP' E' PEFE' FB 
be taken away from this circle, to have the true figure 

of the earth, we fhall haye g = gf % g r, and y =• 
-s— yj xyp taking the points g and y for the ele- 
ments of the zone, and g — ■ y =& gf Xyg — g~r r 
becaufe yf »? gf. 

Let the lines C S and CP, orCE, be called s and 
«, refpe&wely 5 the radius i, or unity ; the fine of the 
angle S Cp, V\ its cofine, or the fine of the angle 
SCE, u; C K> x i g K,y, J^, z ; yM, z' {Jf 
<xyf, du * PFt a a ; weihallhave g n =*z-, y V 
= az (by the property of the ellipfe) j alfo calling 
gr, r; and yg f £j. and regarding the little triangle 
gr n as a right-lined one, and fimilar to the triangle 



2* 

g Cm, we fliall hsve r = - x a z, and Hkewife g = 

*-x a#, 
a 

By die proportion of fines to the fides of triangles, 

we fhall have yG =y F:. CN = xu. Finally, if 

we confider the point S, or the fun, as at an infinite 

diftance, we foall have S g = SK= SC—CK = 

s—x, and S g' = S K *= S C + C 1C = s + x ~ 

Therefore =~ = —. r — ; > — - } and =-• 

Sg s 3 — $rx + $sxx — x? Sg 

Therefore i_i« 



> + 3* 2 # + 3*** + # 3 * ^ 5^/ 

D d d 2. 6s z x 
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rj; and, rejecting the infinitely fmali 



{s — xf x {s+xy 

6x 

magnitudes, =-—' 

Therefore the moment wherewith the four points 
g, g\ y, y' y caufe the point J to turn, will, by fubfti- 
tuting in the place of the letters their analytical va- 

6x 

lues, be(gdu — r</») xS x_yx— ; or putting, in- 
stead of gandr, the values above found, wefhall 
have for the moment f -z'z' z z JxduxSxy*. 

6x 6 a 5 , \ ' / / \t> 

— = •—— x yxdu x (;s' 4- z) x (2 — 2). But 

z' -i-z=yM+ g m= 2 y G—. zyFyzndz' — z 

— y M — gm — 2GM=aCN= ixu. There- 
fore (z' 4- z) x (^' — a)- = 4 F« x^ j and the mo- 

. 6aS a 6aS T _ . 

ment is —j-x^ruxxxy du=—j-^Fu%xxdxu. 

But in the circle Dg /we have ydu = ad x, and 

the moment is — ^- x 4^ x xxydx = — — x 4 Vuxdx 



s> 



Vaa-— xx. But the integral ofx 1 dx \/aaxx is ^ 



AT 



aa/dxVaa — #* — - (a a — xx) T , and when 

4 

x = a, this integral is ^ aafdx -y/aa — *•*, or, cal- 
ling the ratio of the circumference to the diameter tt, 
we mail have/V x Vaa — xx, or the area of the qua- 
drant whereof a is the radius, = r a t x ■% a=f a* •*. 

Therefore the integral of — - x^Vuxxxdx 
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^aa~xx t or the fum of the moments of all the points 
which compofe the elliptic zone EP'E' PE F E FE 

. 6aS Fit* a* 

is — -— x i— , 

s 3 4, 

If the terreftrial fpheroid be cut by any plane pa- 
rallel to the plane P E P'.E' P of the circle of de- 
clination, jig. I. » 2. the fecYion will be an ellipfe 
limilar to the ellipfe EF E' FE; and if the greater 
femiaxe c' L of this ellipfe be called X t it will be 
found, as has been already in the ellipfe EF F FE y 
that the fum of the moments of all the points of this 

„. r . ■ , ~ . 6a S PuttX* 
ellipfe to turn about its centre C, is -^- x . 

It has not been taken into confideratbn, that here 
the centre S of the fun is a little below the plane of 
the fedtion, the line c' S making an infenfible angle 
with the line C S. 

Calling C c', Y- t the moment of all the fe&ions pa- 
rallel to E FE FE to turn about the axe C c' will 

be the integral of 2—- x — x d Y, or the inte- 

b i> 3 2 

gral of —■ x x (aa YY) xdj = 2 -r- x — — x 

% 3 2 ■ s J 2 

(a* d Y— za* T* dY+YUY), and this integral is 
3£^ x ?lllx(fl*r— \a*Y 3 + )Y*y > and When 

2 a5 Vu t 

— r- X 

S 3 2 

the fum of the moments or all the points of the 
hemifpheroid of the earth formed by the fedtion 
E P E' P E of the circle of declination, and the fum 
of the moments of all the points of the whole fphe- 
roid 



2*= a, the integral is —r- x x -rja s . This is 
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rbid to turn about the axe ^^ is *-j- x Vu T x -^.**. 
Which was to be found. 

Corollary. 

2. If it were required to find the fum of the mo- 
ments of all the points of a fingle crown E L gJE'^E, 
fig. i. «° 2. placed at the equator, and detached from 
the earth, to turn about the axe ^^' of the circle of 
the fun's declination, the thicknefs of the croWn be- 
ing a a : 

The moment of the point L to turn about c' is the 
fame as that of the point y to turn about C; as is ma- 
nifest from the refolution of the motion according to 
S L into two, Ly y and y S* ; and from the great 
diftance of the fun y S will not differ from LS j the 
triangle LyS being right-angled at y. 

By the preceding problem, if c L, or C T 3 be called 
X; and Cc', T; and all the other denominations of 
that problem be retained j we mail have yx,=zXu y 
*ndCx = XF 

And the moment of the point y is y x 

yx x S x tt*(j^-~jjz}=*yxXuxSx—j r . 

And putting inftead of y, the element of the crown* 
which is aaxdu, calling, in this cafe, d u the ele- 
ment of the circumference ELQE', the moment 

zS 

©f an element of the crown will be za x — x Fu x 

s 3 



* The lines S L and yS are not drawn in the fig. to avoid con- 
f«fion. 

XXdu 



[ 399 ] 

XXdu. But in the circle E QE' E we. have, Xd a 
fs=adT- f therefore the moment of an element of the 

crown is &a x 2-g xVuxa xdTtsz*.. x a«* Vu x 
J 3 s> 

d rVaa — TTi and the fum of the moments of 
the quadrant E L i^of the crown is ~ x aa 2 V # x 

t . r „*-£ ,.,..,„* la^ 

quadrant of the crown having an equal motion, the 
fum of the moments of all the pints of the crown* 
to turn, in vertue of the folar action, about die axe 

^, is t-x a Fax „•<**. 

Problem II. 

3. To find the fum of the moments of all the points of 
the terrejlrial fpberoid turning about the axeQQ^ 
.the motion of the point E being given , and = p. 

We muft firft feek the fum of the moments of all 
the points of the ellipfe EFE'FE, jg,i. »°z\ 
turning about its centre C; and to have' the fum of 
the moments of all the points of this ellipfe, we mall 
firft find the fum of the moments of all the points 
of the circle EP'E' P E, and then we fhall fubduc* 
therefrom the fum of the moments of the whole el- 
liptic zone EP'EP EFE'FE. 

The motion of any point of the circle E P'E' PE C, 

placed atthediftance x from the centre C, will be - /* ; 

the motions being here in the fame ratio as the di- 
4 ftances 
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ftances from the centre, firtce all the points com- 
plete their revolution in the fame time ; and the mo- 
ment of all the points which compofe the circum- 
ference in x will be i -n- x x - u. x x j the moment 

a 

being produced from the mafs by the motion, and by 
the arm of the leaver. 

Therefore the motion of all the concentric circum- 
ferences which compofe the circle, is-/ — x x*dx 

s= t ^-£ x x* = f — — xa+, when x = a, as for the 

circle EP'E'PE. 

To have the fum of the moments of all jhe points 
of the elliptical zone E P E P E F' E FE, all the 
points of the zone may be considered as placed at the 
diftance a, from the centre C, and having, confe- 
quently, the fame motion as the point £,becaufe the 
greateft thicknefs P F of the zone is very fmall. 

The fum of the moments of the zone will be equal 
to the quantity of matter multiplied by the motion 
p., and by the arm of the leaver <*> or 2tf7rx^a#x 
p x a = ir f/. a a\ 

Therefore the fum of the moments of all the 
points of the ejlipfe EF'E F E turning about its 
centre C, the motion of the point E beings, will be 

xZ£ x a* — t u a a*. 
* a 

It will likewife be found generally, that the fum 

of the moments of a fimilar ellipfe, of which C L> 

<x.X % is half the greater axe, and which turns abou?t 

ts centre C, is f ^ x X* — -^ x X\ 

a a Therefore 
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Therefore the fum of all the fimilar ellipfes which 

i ~" — * 2a 
compofe the terreftrial hemifpheroid, is/ ■— x 

which, as has been feen at the end of Prok I. when, 
after the integration T has been made = a, will be 

I *— 26 

— — - 7T jt* x 4j a*, and multiplying by 2, the fum 

of all the points of the terreftrial fpheroid will be 
( i — 2a) xj-jttx^fl*. Which was to be found. 

Corollary 

4. If you would find the fum of the moments of 
all the points of the ring E %J&' %,B t Jig. 1. n»z. 
turning about the axe Ji>J^ : 

The moment of an element L of the crown placed 
at the diftance X from the axe of rotation P^, is 

X 
a a d it x £— xj, which is the product of the quan- 
tity of matter by the motion, and by the arm of the 
leaver. But in the circle E^E £ we have, du^f-, 

therefore the moment of an element of the crown is 
a a ^x X d T t whofe integral, which is a a ^ x a a tt, 
gives the fum of the moments of all the points of the 
crown. Which was to be found. 
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Pr.qbi.eaj III. 

5. Having given, the moment wherewith the earth 
turns about the axe QjQ^fif the circle of the fun's 
declination. To find the motion of the pole P, or, 
which is the fame, of the point E in the plane tf the 
circle of the fun's declination. 

By Prob. I. the moment wherewith the earth turns 

2 S 
about the axe C i^> by the acftoa of the fun, is ~ 

By Prob. II. the moment wherewith the earth 
turns about the fame axe Cj£, the velocity of the 
point P, or of the point J5, being ^ is (1 — 2a) x t p 
x •£? «*. 

We mall have then ^ a 3* * « x ,? f *s. =*: (1 — aa) 

2 5a<z >»» 
X T p x -sV ** i whence we get p = j3 ^ ■ __ — r . And 

this is the motion of the pole P, or of die point E, 
about the centre C. Which was to be found. 

Corollary. 

6» In like manner, the moment wherewith the 
crown B§J?$i& turns about- the axe %j£ being 
given, the motion of the point E may be known. 
For, 

By the Coroll. of Prob. I. the moment of this 
crown, turning about the axe Ci^by the action of the 

c • 3 5 

fun, is— x a t v u x a*. 

By 
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By the Cor oil. of Prob. II. the moment of this 
crown is alfo a ap x a* tf. 

We have then v^T'S^-^ft^T} 

whence we get p. ; = -j x # jr «.. Which was to be 

found. 

Remark. It is proper to obferve, that the motion 
of the point E of the crown is the fame, whether the 
crown be entire, or there be no more of it but the 
point E. 

For, by Prob. I. the motion of any point g , paral- 
lel to C S^jig. i . A' 2. and refpe&ivery to the centre C> 

is S x~S~C x (=-r — =Lr V which is = J x ^ $ and 

when the point g becomes the point Ej we have 
x=*av, v being the cofine of the angle DC E. 
Therefore the refpe&ive motion of the point E pa* 

rallel to the motion CS of the centre C, is ^x ~r7> 

and refolying this motion into two, the one according 
to E C, and the other perpendicular to £ C, this latter 

will be = S x ^—^- x — ' = ^ a v u, being the fame 

as that which was found for the point JS when it is 
united to the crown. 

'This {hews that the motion of the other points of 
the crown produce no alteration in the motion of the 
point E y which is owing to this ; that all the points 
of the crown have the fame angular motion about the 
axe C4L 

Eee 2 IPro- 
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Problem IV. 

7. Ta find at every injiant the variation of the place 
of the pole of the earth. 

The earth has two motions of rotation, the one 
about the axe of the equator, which is likewife the 
earth's axis j and the other about the axe C§^ of the 
circle of the fun's declination j this motion is caufed 
by the fun's action on the redundant matter about the 
equator. 

The point E y fig. 1. n* 2. which is die interferon 
of the circumference EQJL'QE of the equator and 
the circle PEP' EP of the fun's declination, will 
therefore have at every inftant two motions, whofe 
directions are perpendicular to each other. 

The former of thefe two motions, which is the 
diurnal motion, is uniform j and if we call it m, the 
fpace run through in an inftant, dt t is m dt- t the mo- 
tion being always equal to the fpace divided by the 
time, or the fpace equal to the producl of the time* 
Alfo let £ e be that fpace. 

The fecond motion of the point E which is per- 
formed in the circumference EP E'P' E of the circle 
of the fun's declination, and arifes from the action of 
the fun, is continually accelerated, from the continual 
application of the fun's action j and if we call the 
initial motion /*, at the firft term of the inftant, dt y 
or the increment of the motion, the motion at the end 
of the inftant dt, is i*.dt\ and the fpace gone thro* 
uniformly by the motion during the inftant d t, is 
ftd t x </ /, or fjtdt*. Let E t be that fpace. 

The 
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The point E, in confequence of thefe two motions 
together, E e and E g, circulates neither in the cir- 
cumference ESfJi'^E of the etjuator, nor in the 
circumference EPE'P'E of the fun's declination. 
But if we form the rectangle Ee e' g £, the diagonal 
E e' will be the elementary arc of the circumference 
E e' q E' E wherein the point E will circulate} and 
the angle e E e\ equal to the angle ^j: q, equal to 
the angle P Cp\ will be the angle whereby the pole 
P' is elevated, and the pole P depreffed, below the 
circle of declination, by moving in the circumference 
P' p' Qj P p P' y whofe plane is perpendicular to the 
plane of delination j and the point p' is the true 
place of the pole at the end of the inftant d /, and 
the fmall arc P' p' expreffes the inftantaneous varia- 
tion of the place of the earth's pole. Which was to 
be found. 

Co'rollary I. 

8. The fimilar fetors e E e\ 3Cq % or P'Ci>' y 
whofe three fides of the one are each parallel to the 
three fides of the other, give this proportion, E e ; 

ee> or E e :: CP : P' p f == — * CP' == (by the 
preceding Prob.) to ^~ x CP = £~ x *. But 

by Problem III. ^ = 3 } ^ * * - " i therefore P pi = 

iSzavu %adtz - ^ vtja j f) njaking A 

i 5 x«x(i — 2a) 

___ 3 S a a 

~~ s* xzax (i — 2a) 

Corol- 
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Corollary II. 

5>, If, inftead of the terreftrial Spheroid, we fup- 
pofed only a fingle ring, it would be found in like 
manner, that the pole P of fiich ring would fhift its 
place during the inftant d t t by punning through the 

arc #'/=|ix CF «££$<*. But then weihould 
* Ee m 

take the value of >t as in Coroli. oiProb. III. which is 

Z$ x a v u. Therefore we mall have F p' =; ftil 
s 1 m 

s xm 
To apply* then, the formula of the preced. Corolh 

it will fuffice to make — in that Coroli. = i. for 

i — la 

then the formula of Coroli. I, becomes the fame with 
that juft now found in this Coroli 

This will be of ufe hereafter for applying the/ar^ 
tnu/a of the motion of the nodes of the terreftrial 
equator to the motion of the nodes of a moon or fa- 
tellite of a planet. 

Corollary Ilr. 

to. It mould be well obfcrved in .the preceding 
Coroli. that the direction P p' of the pole P' is ever 
parallel to the direction E e of the point E of the 
equator, fines they are both perpendieular-totheplane 
of the circle of the fun's declination, and the di- 
rection P' p 1 goes on the fame fide as the direction Ee 
of the point E, which is placed on the* feme fide of 

the 
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the pole F, with refpedt to the line SCjy, and the 
direction of the oppofite pole T, goes on the fame 
fide as the direction of the point E of the equator 
which is placed on the fame fide of the pole 5P with 
refpecl to the line S C £>'. This fhould be carefully- 
attended to in regard to the following "Problem. 

Problem V. 

1 1. To determine at every injlant the motion of the 
pole of the earth with reJpecJ to the ecliptic. 

P P', fig. 2. n a 1. if «° 2* is the earth's axe; 
T s tfl» w reprefents the ecliptic 5 s Ep E s is the 
tangent plane to the pole P, and parallel to the equa- 
tor ', the line D ffi D* is the interferon of this plane 
with that of the ecliptic, and is tangential at the com- 
mon point s to the circles ® E' p E& and T ffi tfs yy. 
The angle P C $ is the angle of inclination of the 
earth's axe to the plane of the ecliptic, being like- 
wife the folfticial angle. The earth, by its diurnal 
motion, turns about the axe P' P according to the 
order of ffi E p E &> j and the fun, by the annual 
motion in the ecliptic, moves according to the order 
of t s e» v?. 

Let S be any place of the fun in the ecliptic. By 
Jrt. 10. the motion of the pole P making the acute 
angle PCS, will be according to P p perpendicular 
to the plane PCS DP, and confequently to the line 
P D. 



** Note, That the fig . »° a. is only to reprefent the circle 
S £ p 9>, which could not be reprefented but by proje&ton in 
fig.. «° i- 

5 Forming, 
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Forming, therefore, the rectangle P Mp R, the 
motion of the pole according to P p will be refolved 
into two, according to P R and P M. 

The motion of the pole according to P R is pa- 
rallel to the plane of the ecliptic, and to the line of 
the nodes TCa, This motion tends to move the 
pole P about the axe of the ecliptic, and in a parallel 
to the ecliptic, and caufes the equinoctial point r to 
recede, and the point vr, and the node », to advance 
towards the fun ; which produces a preceffion of the 
equinox equal to the angular motion of the pole P 
about the axe of the ecliptic ; for it is indifferent 
whether the pole P of the earth moves about the axe 
of the ecliptic, whilft the plane t s *s v remains fix'd; 
or the fame be fuppofed to be fix'd, and the plane of 
the ecliptic T $ «a v to turn about its centre C, and 
the axe of the ecliptic. 

If we take another place $* of the fun at the fame 
diftance from the folftice ffi, but on the fide contrary 
to S, the direction of the pole P will be, by Art. 10. 
according toP/>\perpendicular to the plane PCS % D k P > 
and confequently to the line P D* j and the fun's de- 
clination being the fame in D* as in D, the motion 
Pp % will be equal to the motion Pp. 

Refolving the motion according to P p % into two, 
according to P K and P M-, the motion according to 
P R produces the fame preceffion, and with the fame 
fign, or the fame direction, as when the fun was on 
the other fide of the folftice ®, and in D j and the pre- 
ceffion is ever the fame at every quarter revolution of 
the fun. 

The motion according to -PM' caufes the fame 
variation in the inclination of the earth's axe to the 

ecliptic, 



E 409 ] 

ecliptic, as when the fun was on the other fide in S, 
but with a contrary fign, or direction ; and the fum of 
the lines SP M\ from the folftice $ to fi, will be the 
fame as the fum of the lines f Af, from T to s, but 
with a contrary fign : fo that the angle of inclination 
of the earth's axe to the plane of the ecliptic is con- 
tinually increafing from y to s, and then decreasing 
from ® to a* j and as the diminution is equal to the 
increafe, the inclination becomes again the fame in 
a as it was in V, having undergone an ofcillation 
whofe period is fix months. 

Whilft the fun pafles from s£» to vc, there are the 
fame motions of the pole, as whilft it was pafling from 
s to e . 

Thus is the motion of the pole determined at 
every inftant, with reipecl; to the ecliptic. Which 
was to be done. 

Problem VL. 

12. To find the quantity of the prece/fion, or> which 
is the fame, the arc of the parallel to the ecliptic 
run through by the pole of the earth P in thefpace of 
time the fun is pajingfrom the equinox to the fol- 
ftice , or from the folftice to the equinox; which 
may be taken for a quarter of the time of the fun's 
revolution about the earth j the angle comprehended 
between the equinox and the enfuing folftice differing 
but by an infinitely fmall quantity from 00 degrees.. 

Calling, as hxProb. I. the femi-axe CP } a; fig.- 2. 
»° 1. & n» 1. the fine of the angle PCS, or PCD, V- r 
and its cofine, or the fine of the fun's declination, u :■ 

F f £ Let 
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Let JPs, be b; CSo,r} we (hall have CjD=s ~j 



u 



p X)= - Tj thedifference.& of the arc r 5, which is 
u 

#• •• v Af* T*\ 

the fun's diftance from the node Y, will be . 

CDxasD 

as is found by tfeefe two proportions, r : S s : : C D 

n „C2)xJf _ CDxTs 

: JJa — •, ana JJ « = : cP « = 

r r 

«/ CZ> : C s =r ; sD; whence we have CD x J~s 

x £"5 -rr xdCD, and 5^ = LL^~ = 

rdu ,,,. «_ 

■ — _ -= (putting inftead of CD and J* 2X their 
yaa — rr 

uu 



values - and Vaa^ \ =* to the fpace run through 

by the fun S in the ecliptic in an inftant, = 2 xr x lf f 

calling T the time the fun employs in running thro* 
the whole circumference jjr. 

Whence we have dt = JL*— J* U , ^.J 

rr 

da 



Vaa-—uu 
rr 

By 
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By Art. 8. i#e have a Pp=± APuxadt-, there- 
fore, by "Prob. V. the inft^taaeotts pr eceilid n will be 

^f Pu%adf% —-, or ^r» xadtx =-, the tri- 

angles IP ^ *, ?Ds, being fimilar, fince die three 
fides of the one are perpendicular to the t hree f ides of 
the other. Putting, therefore, inftead of WD, T s, 
and d t, their values above found, we fhall have the 

inffcantaneous precefiien =*AFu x -— x — __—•«# 

ar ztt rt 

u 

T UU d'u n A Uud U 



sst 



A L * it i* it f* TJ.* "' 

a?r vW — uu JVaa< 



rr rr 

uud u 



w <w — uu-\rfduY a&-~-uu y or limply =s if—- 



r||1 rr - » tftf— »« 

rr 

when «= -, as it happens when the fun is in the fol- 
f 



fttce ©, said then /</ a V aa—utty which is the area 
of a quadrant of a circle whofc radius is -, will be 

tftf tf ._ ***** 

Therefore the preceffion, whilft the fun is paffing 

T <7^x ., , T a a 



from t to ffi, is u4^ x — x — = A b x - x 



2tt 4irr * 2 j^rr* 
Fffi and 
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and calling CH t which is = the radius of the circle 
parallel to the ecliptic which the pole P runs thro', 

gy wefhall have£ = — , and the preceffion A b x 

_ x — will be likewife Ahx-*—. Which was 
2 4>rr % $r 

to be found. 

And this alfo is the quantity of the preceffion 
during the time the fun panes from the folftice to the 
equinox, or generally, during the time of each qua- 
drant of the fun's revolution j as was feen in Prob. V. 

Remark. 

13. The difference of the fun's diftance S T from 
the equinoctial point, is equal to the arc the fun goes 
through in the ecliptic, when the node T is fix'd, as 
was fuppos'd in the foregoing Prob. but when the 
node Y moves in the ecliptic the contrary way to the 
fun's motion, the difference of the fun's diftance from 
the node is equal to the arc gone through by the fun, 
increafed by the arc gone through by the node r. 

Therefore always taking 5 s, Jig. 2. «• 1. for the 
difference of the fun's diftance from the node, we fhalj 
have S~s equal to the arcdefcribed by the fun, more 
by the arc defcribed by the node. 

But, by the former Prob. we have feen, that the 
arc run through by the pole P in an inftant d t, and 
in a parallel to the ec liptic, whereof g is the radius, is 

AVu%adt x sasS =AVu x %-%df=ABuudt. 
P D <^_ 

a 
The arc run through by the node T will be then 

Abu 
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T 

A Buu-dtx-z, fince thefe arcs, which meafure equal 

angles, are as their radii g and r. 

Wefhallhave, therefore, in the above Problem, 

Ss y or —-, , xs a T r x ■-— 4- Abu u x - a /j 

V tftf — »« * . g 

whence we get *// = =J==. x L — .. 

rr *Tg 

But — ' i'm,» b i — ^ « « x j-, GV. 

i-M*«kx— * Tg 

2TTg 

where the other terms may be negledted which con- 
tain the powers of A, becaufe A is a very fmall fra- 
ction. 

We fhall have, therefore, d t == x 

2 *• Vaa — uu 

rr 

U— A butt* -A; and the in&antaneous pre- 

^ irgJ r 

cedion will be A b x •— x - — >~ -— x{i—Abuu x 

2tt yaa—uu 

rr 
TV 

J whofe integral for the firft term, in the folfti- 

iirgs 

cial point, where «= -, is Abv. — x — -, as was 
r 2t 4-rr' 

fcen in the preceding Problem. But the integral of 

u+du 
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n*du ./ — , faa x » 

Vaa—uu — vrr 

rr 

rr 



Vaa — ««, when we fuppofe, after the integration, 

rr 

a , aa arm 3 aa aa-r ,-,, r 

- =ss « j and «=-£ — x — sbs #— x . Therefore 

r T rr 2r rr4.Tr 

the preceflion from the fun's departure from the equi- 
nox till his arrival at the folftice, is A b » - x x 

2 4rr 

( I— Ab x ■— - x | — ) w ( £ being » — ) ^>x 
2T 4i . Zirr ' 

When the motion of the node is not very fenfible, 
it will fuflke to make ufe of the formula of the pre- 
ceding Problem, which is the firfl: term of this ; But 
when that motion is fenfible, which is the cafe of the 
moon's node, when it is to be determined for a quar- 
ter of the revolution of the fun, it will be requifite 
to employ this formula, which contains two terms of 
the feries. Nay, it would be very eafy to take a greater 
number of terms, fo as to neglecl: nothing j but this 
would be abfolutefy ufelef% becaufe of the quick con- 
verging of the feries. 



Pro- 
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Problem VII. 

14, To find the alteration of the inclination of the 
earth's -atie to the ecliptic, during the fun's pafagg 
from the equinox to the folftice t or from the Jbl- 
fiice to the next equinox $ which is the fame ; only 
affiled with a contrary Jign, as has keen fienim 
Prob.V, 

By Art. 8. we have aPp*=AVuxadt\ and by 
frob, V, the inftantaneons variation of the inclination 
of the earth's axe to the ecliptic is AV uxa d t x 

-*-— . tsxAVu-Aadtx tstssf^ becaufe of the fimilar 
Pp PD 

triangle^ 4PfM,PD *, = (takingthe denom inations 

du 

*t GDxPD **" ar a %■# 

u u 

x u d «, whofe integral is t A r x — x uu.% and when 

S,fT 

the fun is at die point «, we have t : * ; : r : <*, and 
« = r» } therefore the preceding integral is* then 
T 

%A* x a a. Which was to be found. 

2wr 

Remark. 

1 5. When the motion of the node is not infenfible, 
you are to take the value of dt of the Remark that 

follows 
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follows Art. 12. which gives dt = — x = — ==.* 

Jt CDxsJD 

(i~—Ab x x u «), and the inftantaneous varia- 

tion of tlie inclination of the earth's axe to the ecliptic 

will beArx — - xu du xli — A bx xuu\ 

27T ZTTg ' 

whofe integral,, when the fun arrives at the folftice, 

where we have ru — a y becomes f A a a* — 

2 it-r 

\— — x xA bx = (becaufe g =■—■ ) 

T T \ 
\Aaax x(i — f Abx J-, and this is 

the formula, to be made ufe of when the motion of 
the nodes is fenfiblc 

SECT II. 

Of the motion of the pole of the equator of 
the earth caufed hy the oEiion of the moon. 

1 6. Whatever has been faid in Seff. I. of the pre- 
ceffion, and of the ofcillation of the earth's axe on 
the plane of the ecliptic, through the a&ion of the 
fun* is equally applicable to the action of the moon ; 
it being re^uifite only to fubftitute every-where 
tlie moon inftead of the fun ; L inftead of S, and 
A inftead of S', the time which the moon em- 
ploys in completing her revolution about the earth, 
inftead of the time the fun employs in performing 

his 
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his revolution about the earth, or J/ inftead of Ti 
Laftly, the lunar orbit, inftead of the ecliptic. Like*- 
wife, inftead of A t which {Art. 8.) was equal to 



i-, we muft put B == 2__ 



x 



s'm x Km i — 2a 

\j. We fhall find then, by Art. 12. that the arc 
defcribed by the pole P of the earth parallel to the 
plane of the lunar orbit, whilft the moon makes one 

quarter of a revolution about the earth, is J5 b x -s- x — , 

2r 4 

which gives the arc defcribed by the mean motion ih 

an inftant, d t, equal to B b x iL x d t ^ £tb x. -^-> 

zr 2 rr 

xd t-, putting, inftead of g, its value — . 

18. We fhall find alfo, by Art. 14. that the varia-* 
tion of the inclination of the earth's axe to the plane 
of the lunar orbit, when the moon is at its point of 
ftation po degrees diftant from the node of the equa- 
tor with the lunar orbit, is i B x — ' x a a t whereby 

zirr J 

the angle of inclination of the earth*saxe to the plane 
of the lunar orbit is increafed when the moon is at its 
point of ftation. 

ip. We therefore fhould have nothing to add, if 
the plane of the lunar orbit were the fame as that of 
the ecliptic, or if it always retained the fame po* 
ntion : But as this plane continually varies its pofitkin, 
and its pole defcribes a fmali circle about the pole of 
the ecliptic, from whence it is always about 5 degrees 
diftant j it ftill remains that we examine what is the 

G g g pre- 
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pttct&on caufed by the moon, with reipecl to the 
ecliptic ; which may be done by revolving the mo* 
tion of the earth's pole, parallel to the plane of the 
lunar orbit, into two motions, one whereof is parallel 
to the plane of the ecliptic, and the other perpen- 
dicular thereto, and which varies the inclination of 
the earth's axe to the ecliptic. This is what we fhall 
determine in the following Problem. 

Problem VIII. 

20. Having given, the motion of the pole P of the 
earth parallel to the plane of the lunar orbit t to 
find iti motion parallel to the plane of the ecliptic. 

* CP t fig' 3- ** '• & n * 2 « is d* fettii-axe of 
the earth. The plane of the figure is the plane of 
the folfticial colurej CJSh the axe of the ecliptic, 
confequently perpendicular to C s j s the folfticial 
point, and PC s the folfticial angle : P Z is parallel 
to C Sj and perpendicular to CZ\ and it is equal to 
the line C H o£fig. 1. The circumference /, /, l\ /% / 
is the circumference defcribed by the pole, /, of the 
lunar orbit; L, £/, If, L 3 is the fe&ion of the cone 
C/, / /* /' I prolonged, by the plane that is tangen- 
tial at the pole of the earth, P. 

Let i 6 be any place of the pole of the moon's orbit. 
If upon the point P be ereded PR, perpendicular 
to the plane P CI", this perpendicular will be the di- 
rection of the motion of the earth's pole, parallel to 



* The lines which are in the plane which touches the earth's 
pole /, are feparately reprefented in fig. 2. »° 3. 

1 the 
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the plane of the knar orbit, the plane PC/ 4 being 
perpendicular to that plane, PCI" being the axe 
thereof. 

Letting fall from the point R the perpendicular 
RM upon the line s P >Z, the motion of the pole 
of the earth according to P R may be refolved into 
twoj the one according to PM, the other parallel 
and equal to R M; and this latter expreffes the pre- 
cefljon with regard to the ecliptic, and the former 
gives the alteration of the inclination of the earth's axe 
to the plane of the ecliptic. 

The motion of the pole reprefented by MR, which 
gives the preceffion with regard to the ecliptic, is al- 
ways on the fame fide during the entire revolution of 
the pole of the lunar orbit, and is the fame on either 
fide the point / at the like diftance from it j the motion 
according to PR being then the fame, and always on 
the fame fide, as has been explained in tprob. V. 

* The motion according to P M is the fame on 
either fide of the point /at the fame diftance from it, 
but with a contrary fign, that is, in an oppofite di- 
rection. For it is manifeft, that if another point, as 
1°, be taken on the other fide, and at an equal diftance 
from the point /, the point M t where the perpendi- 
cular R M falls, will be on the other fide with regard 
to P, than the point M, fince the angle RP Z' y 
which is here obtufe, will then be acute, and lefs 
than the right angle of an angle equal to L" P 2?. 



* The point 1° placed on the other fide of the point /, that is, 
between / and P, is not miarked in the Jig. nor the point if' where 
the perpendicular KM' falls; for the lake of not embarraffing the 
/g. with too many lines, it being eafy to conceive. 

G g g 2 For 
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For this reafon, the motion according to Pil/muft 
produce an ofcillatjon of the earth's axis, whofe period 
is the time of an entire revolution of the pole of the 
lunaf orbit about the pole of the ecliptic. 

Problem IX. 

2j, To find the quantity of the precejjion caufed by the 
moon with regard to the ecliptic ; that is, the arc 
parallel to the ecliptic, run through by the earth's 
pole P, during the time of a femi-r -evolution 1 1' 1* 
of' the pole 1 of the lunar orbit \ 

Let there be drawn the lines NK, I 9 K perpen- 
dicular to the axe of the earth CP y and parallel to 
the lines NP, I 9 9, fig. 3. mi. & n' 1. 

The triangles PRM, <J> N L°, K Nl° are right- 
angled and fimilar ; for the three fides of the firft are 
perpendicular to the three fides of the fecond, and 
the three fides of the fecond are parallel to the three 
fides of the third, 

Still retaining the foregoing denominations, let 
pi = x\ Z N = z> & Z s= g 1 as in fig. 2. the 
line CH h CZ =?/$ C I or C/' = C, 

We mall have NT = Vm—zz; AfPW-^sj 

f f 

NK=- *g — #, or*4 xg-^Zi when the point /*> 

lies on the other fide of /' ; P R =? - x£ —z, or "C* 

a a 



g-\-z when the point /" is on the other fide of /\ 
The triangle C 1° K is here fimilar to the triangle 
whofe three fides are reprefented by the letters a,b, ^ 

fince 
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h 
fince — exprefies here the fine of the angle of in- 
clination of the earth's axe to the plane of the lunar 

orbit, and -is its cofine $ we (hall have then /* K=a 
r 

r r a 

"-M+Z* JJ+JJi, or flzUI, whm the 
a a a 

point 1° is on the other fide with refped to /*•$ -p-^ 

NK i** 1 * {**+* 

"* !z~v~ — > °r f°r the other fide 

IK a c ac 

r r 

PM NT 

of /' j t— = -jz-jz. =: V kk — zz : Laftly, the differ- 

" ac 

r 

enceof the arc /' /- = </« = l dz = Jg-g 

Vxx ZS3 n *• 

x dt, calling n T'the time which the pole of the lu- 
nar orbit employs in performing its revolution in the 

circumference z r x, whence we eet d t = ~ x 



Vjcx. — #2 

The fpace run through in an infiant dt by the pole 
-P of the earth parallel to the plane of the lunar orbit 

being 
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being by Art* Ij, s=? JB £ x *- x d t j and by Proh* 
VIII. the fpace run through parallel to the plane of 
the ecliptic, will be Bbx *« x d t x L. : a (by the 

... .. . . n , ^a n7 dz 

preceding denominations) 1»0 x-~ x-— .x-^.^- 

- x>— 2 » -. , ■ „ — *- 

x" == JS x - x — x — — ■ , , . ■ x/JlS__f i 

ac T 47T Vjcjc — «« C 

r 

and putting inftead of -, its value, which was found 

to be • * , we fhall have J3 x — x -^- x 77+72. 
«f ' 4?r tffc ^ ' 6 

^ 

X g — a x ■ 7 \ ■' • ■■ ■ , ", } and when the point /" is on 

V 3{JC — ^« 

the other fide with regard to 1% we fhallhave i?x — 

4 7r 

/* j z 

K ^_x// — ggxg-j-gx =—.. Therefore 

tf ^ V xx — zz 

always taking the preceffion for the two points to-- 
gether placed on either fide of /', and at an equal di- 
ftance from it, we (hall have, by joining the two values 

nT f 

now found, after making reduction, B x — x J— x 

4 t a a 

igJJ— 2gZZY. — ., ri5x-x^x 

V xx — zz 2t a a 

~— •- d z 

J J — ZZX ..„■ ■ . ■-— , 
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But the integral of ff* ■ . . Z ■ =-£i * 

Vkk—*zZ * 

__il__ is #x *-^ = ■#* when we take 

Vxx.' tm *ZZ x 2 2 

all the points l° t from /' to h and the integral of 
■ ■ ■; ■■ a , which is — 2 \/xx — *z&-\- fd% 

v^ xx — ;zz j when* afte r the integr ation, we make 
8 =s je, becomes /</ s v/** — jsSj of the area of 

1 fi 1 t« !• XT* X X T 

the quadrant / * /, which is = *-— x — = ^-— * 
* 224 

' Therefore the integral of £ x %* x^s %ff*—z* 

%tc ace 

d Z . n n T fS /iff IT X X 7T ^ 

a, ace \ 2 4-/ 2 a«cc 

rxx ^ 

This is the fum of all the instantaneous precef- 
fions for all places of the lunar orbit from / to /% be- 
caufe we have always taken two points together placed 
on either fide of /*. 

And this is the quantity of the preceflion with re- 
gard to the ecliptic, during the time of a femi-revolu- 
tion of the lunar orbit. Which was to be found. 



Pro- 
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Problem X. 

22. 'to find the quantity of the nutation, or of the 
variation of the inclination of the earth's axe to the 
ecliptic , caufedby the moon during the femUr evolution 
1 1* 1* of the fole of the lunar orbit. 

The fpace run through in an inftant dt by the 
pole of the earth, parallel to the plane of the lunar 

orbit, being, by Art. 1 7 . = 2J £ x — x d t t the inftan- 
taneous nutation for any one place /" of the lunar or- 
bit will be, by Prob. VIII. = Bb%—*dt*%M 
J 2rr PR 

= (by the denomination of the p receding Problem) 

_ , aa nT d z Vxx. — zz~ „ b 

Bb% — x — x - x = 5x- 

zrr It Vxk — zz ff r 

r 

x — x — x ——===-====.. Putting inftead of —its 
2 2tt Vxx — zz r 

ffA-tr Z 

value, which was found to be ■ ■ ,wefhallhavc 



a c 



nT 



B x — — xjj -{-gzudz-j and when the point 

2sr x 2 c c 

I* is on the other fide with regard to /', we fliall have 
B x — —— x/J—gZ *dz. 

27T X ZCC 

Taking therefore the nutation for the two points 
together, /*, placed on either fide of /', we have 

B x 
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B x x zffd z. whofe integral, when z is 

27T X 2 C C 

This is the quantity of the nutation caufed by the 
moon during the femi-revolution / /" /* of the pole of 
the lunar orbit. Which was to be found. 

Corollary. 

23. By Prob. IX. the quantity of the preceffion 
caufed by the moon, with regard to the ecliptic, is, 
during the fpace of a femi-revolution / /* /* of the 

pole of the lunar orbit, Bx— x-s-1 — x (i — % % ~TfJ' 

By the preceding Problem, the quantity of the nu- 
tation during the fame time of a femi-revolution of the 
pole of the lunar orbit / /* /*, caufed alfo by the moon, 

• p nT ff 
is JSx — x~ x %. 

tir cc 

Therefore the preceffion, during the time of a 
femi-revolution of the pole of the lunar orbit, is to 
the nutation, during the fame time, 

As $1 x ( 1 — : j- \\ ), is to -; or zsgfyr* 

(1 — i — f J is to 2 ax. 

But the preceffion is performed in a parallel to 
the ecliptic, whereof g is the radius ; and the nu- 
tation is performed in the plane of the folfticial co- 
lure, and in a circle whereof a is the radius : Di- 
li h h viding, 
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viding, therefore, each circular arc by its radius, we 
ihall have the quantity of the angle : And 

The angle of the preceffion, during the time of a 
femi-revolution of / /" /* of the pole of the lunar 
orbit, will be to the angle of the nutation, in the 
fame time, 

As/x x (i— -t YiJ is to 2 jc> or as T (i—if*/ 

. „. 2jc 
IS tO -jr. 

/ 

Scholium. 
24. Whatever has been faid as to the moon and 
the fun, may be equally applicable to all the other 
planets $ but as the effect of the action of the reft of 
the planets upon the earth is not fenfible, we ihall 
not take it into confederation. 

SECT. III. 

Of the motion of the pole of a rin& caufed by 
the aBion of the fun: or of the motion of 
the pole of the moons orbit* 

25. We have feen, in Art. 9, that if> inftead of 
the terreftrial fpheroid, we were to fuppofe a fimple 
ring placed at the circumference of the equator, the 
motion of the pole of fuch ring would be found by 
the fame formula as that for the motion of the pole of 

theearth} fuppofingonly^in that formula, 



= 1. 



1— 2a 

By 



[ 427 ] 

By this mean9 we may apply all the formula 
which have been found in Setf. I. to the motion of 
the nodes of this ring, and to the alteration of the 
inclination Of its axe to the plane of the ecliptic. 

But by the Remark on Art. 6. the morion of thf 
plane of this ring is the fame, whether the ring be 
entire, or there be only a fingle point which circu- 
lates in the ring's circumference : Whence it fol- 
lows, that 

Thefe fame formula do likewife give the motion 
of the pole of the orbit of a moon or fatellite; the 
motion of the node of the orbit of fuch moon in the 
ecliptic j and the variation of the inclination of its 
axe of the orbit to the plane of the ecliptic : Ob- 
ferving to put the time of the revolution of this moon 
about the fun, inftead of the time of the earth's re- 
volution about the fun, and the motion of the moon 
in its orbit inftead of the motion of a point of the 
equator. 

Remark. 

It may be obferved, that although the motion of 
the pole of a ring be the fame as that of a moon, 
during the time of the revolution of the ring, or of 
the rnoon> which is the fame j yet there are fome 
particular motions which lake place when there is 
only one moon revolving in the circumference of the 
ring, and which ceafe to exift when it is an entire ring 
that revolves. 

For example $ in Art. 2, the force, according to 
•£>> fig' I* «° 2. of the point £,, is deftroyed by an 
equal and directly oppofite force of another point a 
placed on the other fide, and at the fame diftance from 
the point 22, as the point L, when the ring is entire j 

Hhh 2 w but 
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but when there is but one point, as L, or, which is 
the fame, one moon, which revolves in the circum- 
ference of the ring ; this motion fubfifts, and difturbs 
the motion of the moon in the plane of its orbit. 

In like manner the force of the point L parallel to 
y C, or according to c L, is deftroyed, in a ring, by the 
force of another equal point a' placed on the other 
fide with regard to ^ and at the fame diftance as the 
point L. But this force fubfifts in the cafe where 
there is but one fingle point L, or one moon, and this 
motion diforders, befides, the motion of the moon in 
the plane of its orbit. 

Laftly, If the ring, which circulates about the 
centre C, be elliptical, the motion of every point of 
the ring in the orbit is proportional to its diftance 
from the centre $ becaufe, on account of the conti- 
nuity of the ring, all the points complete their revo- 
lution in the fame time, and have equal angular mo- 
tions; but when it is but one fingle moon that re- 
volves, in an elliptic orbit, it defcribes areas propor- 
tional to the times, and has an angular motion fo 
much the greater, as it approaches nearer the centre j 
which is the contrary of the motion of the points of 
the elliptic ring, the more diftant whereof from the 
centre, have the moft motion. And it arifes from, 
hence, that the motion of the pole of the lunar orbit 
is much the fame as that of the ring, taking it during 
the entire revolution j but that there is a fmall varia- 
tion, or inequality, in the inftantaneous motion of the 
pole of a moon ; whereas this inftantaneous motion 
is conftant through every inftant of the revolution of 
the ring. 

I {halt 
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I mail fpend no more time on the ring, with re- 
fpe£ to thofe motions which have nothing to do with 
the fubjecl: in queftion ; but they mail be thoroughly 
difcuffed, and applied, in a fecond memoir, which I 
fhall publifh, on the particular motions of the planets. 

SECT. IV. 

Containing the application of the formulae of 
the preceding Se&ions. 

26. The motion of the fun, or, to ipeak more ex- 
a&ly, of the earth, in the ecliptic, is -=, which is 

the fpace divided by the time. 

27. The earth's central force will therefore be 

( -zr) *-- » tfl e central force being equal to the 

fquare of the motion divided by the diameter of the 
circumference in which the body moves j and the 

c 

earth's central force being the force — wherewith it 

t s 

is attracted towards the fun j we mall have —- =r 

s s 

28. The motion of a point of the equator whofe 
radius is a, will be, calling the time of its revolution 

t 9 ss — — -, which is the fpace divided by the time. 

We have therefore m =s — — -„ 

t 25^ 
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20. fyArt.t. A=c$£x JLi. = (by Articles 

27, J0» 28.) 3 Xj=ftr- — - X h — as jL~ * T x *— 

/w / 3 rrx2a T i— -2a 7T 1— 2a 

= (by yfr/. 3 1. following) li x T x ^. 

r 

3a Putting g for the ratio of the lunar force - \ 

S L S 

to the folar force -, we mall have — , = - x q } and 

S A J 

5, which (by Art. 1 6.) is = I, — x . a * will alfo be 

A *» i—aa 



s*m 



a * ,. * v 3 f 1 

. » 

31* Suppofing a = < — -, which is conformable to 
178 

the obfervations of the gentlemen of the Parifian aca- 

a 1 1 

demy, we mail have = — — . 

1 — 2a 2 176 

178 xi**.— -- ' 
178 

Problem XI. 

32. To find the preceffim cmfed by the fun during 
the time between the equinox and thefoljtice ; that is 
to fay, in a quarter of a year, or three months. 

By Art. 12. the preceffion, during this time, is 

Jlb% ~x-2-. Putting, inftead of A, the value 
2 4 r 

found 
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found in ArU 29. we mall have %- ,x -* x JL x — 

^r T 176 r $ 

But - is the ratio of the fine of the inclination of 
r 

the axe of the earth to the ecliptic, to the radius, or 
of the fine of 66 degrees 31 minutes to the radius, 

_ 9 I 7 2 9 1 9. anc j ^ g j s the femi-circumfereace of 
10000600 

the parallel to the ecliptic wherein the pole of the 

earth moves, and, confequently, equal to 180 deg. 

/, which is the lime of the revolution of a point 

of the equator, is equal to one day; and T equal to 

365 \ days ; we mall have, then, by fubftitutingaU the 

values in the precedingj6/7»»/<*, -2 — x -2IZ££I2 * 

$6$t J 0060000 

~L x -77- degrees. This is the precefiion produced 

by the fun during the fpace of 3 months. 

33. Multiplying by 4, we mall have the annual 

•71919 



precefiion caufed by the fun = -J—- x — 

r $Qff IQOOOOOO 

JL x i?2 depee^«4- x-SZ^i?x|| degrees, 
176 » & $65* iooooopo 88 V ' 

- (afierdw reduction) 13 - . 5a*. ii% 



Pro- 
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Problem XII. 

34. To find the precefjion caufed by the moon, during 
the time of a femi-revolution of the pole of the 
lunar orbit about the pole of the ecliptic j that is, in 
about 9% years, or of xT,«T=i year. 

By Art. a 1. we have found this preceflion = JB x 

nT gf\, , *k\ 
_ x £i-x(i— fx — -A. 

2 20CC V jfj 

By Art. 30. £== |£ xyxi-: Substituting this 
value in the preceding formula^ it becomes & x -x 

But - is the ratio of the fine of 66 deg. 32 min. to 
theradius^-ii^P^. 

IOOOOOOO 

*- is the ratio of the fine of 8f deg. to the radius, 
c 

the angle / c z, whereby the pole of the lunar orbit is 
diftant from the pole of the ecliptic, being, at all 

times, about f degrees. i rherefore^ = -iSLJgg , 

36 

/ 

ces, = JZIH7. 
0961947 
5 Therefore 



c 10000000 
is the ratio of the fine of f deg. to the fine of 85* 

degrees, = -— '-^-. 

6 0961947 
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Therefore fubftituting thefe values, and thofe of 
tyTy and Trg found in the preceding Problem, we 
fiiall find that the preceffion, during a femi-revolution 

of the lunar pole* which is — , by Art. 2 1. becomes 

2 

^<, x 2 x 3 x 9*7W 9 r 9961947 )\j_ 

2 $bfi 10000000x2 v, 10000000/ 176 
XI 8 0d e g .x(,-txfJmiZJ-). 

This is the preceffion caufed by the moon during 
the time of a femi-revolution of the pole of the lunar 

orbit, ~ = 9\ x T- 
2 

35. Therefore the mean preceffion caufed by the 

moon during the time T', which is the mean annual 

preceffion caufed by the moon, will be, by dividing 

the preceding formula by -, = q x -i— x y 

»"* y tsJ J 2 ' * 365-4- I00000OOX2 

f 9961947 V i8odeg. x(i ^r 871557 V) 
I looooaooy 176 x V <>o6i5>47.y 

where it only remains to determine the value of q y 
which, by Art.%0. is the ratio of the lunar force to 

the folar force j and making this ratio = £ , conform- 

able to the obfervations of the tides related by Mr. 
Daniel Bernoulli, we fhall have for the mean annual 

preceffion caufed by the moon, 2 x — — x -?—?-— 

r J 2 3054 10000000x2 

SJ&JWI V^deg. x >JBt,„7 Y) 

\ looooouo^ 176 V 996 1 947 y 

= (after due reduction) 34". 1 6'". 5 1 "". 

I i i Pro*- 
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Problem XIIL 

3-6, To find the nutation of the earth's. axe caufed fy 
the moon, during the time of, a /emi-r evolution of the 
pole of the moon's orbit-, that is, in o£ years. 

By Art. 23. T x (1— 4 x£f J is toi?, as the angle 

of the preceflion, found in ihe preceding Problem for 

riT 
the time— of the femi-revolution erf the rx>le, of the 

lunar orbit, is to the natation during the fame time. 
By it, therefore, may be found the nutation, .-having 
the quantity of the preceflion of the preceding Prob. 
or, reciprocally, knowing the nutation duringthe time 
of a femi-revolution of the pole of the lunar orbit, 
the preceflion will be known to a geometrical cer- 
tainty, for the fame time. The ratio, in numbers, is 
1095798 

61236* 

3 7. But we may alfo know the nutation daring the 

time of a femi-revolution df the pole of the lunar or- 

n c T 
bit, by the formula of ArU 22, which is B x _- x 

2 

ff 

-xx| which, withoutalteration, may be multiplied 



cc 

by fl , or by — - ; fince x> which is the ratio of the 

' aTr J 22 
a x — 

7 
circumference to the diameter, is — , and we ihall 

have 
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have Hat formula fixi-x- x » x — 2L- as jj x ~ 

' 2 O 1 22 2 

a x — 
- 7 

x^x^ x-x— x*tj which, by fubftituting the 

values of the preceding < Problem > and 180 degrees 
initead of a *> which is the femi-circumference 
of the circle wherein the nutation is performed, be- 

comes 3 #x* x 3U121** 996i947 x .J7iy gx 

T 2 IOOOOOOO IOOOOOOO IOOOOOOO 

Z x i^deg.,, 4-x tx^lx -2i7!££2 x ^9£i£fi 

22 176 ° 3654. 2 IOOOOOOO IOOOOOOO 

x Z-12Z x -Z. x — - deg. equal, aftes reduclxon, to 

10000000 22 176. ° u ^ 

,„« » T /'» *j«« 
17 . yi • 14- • 

Problem XIV. 

38. To find the difference of the inclination if the 
earth's axe, between the point of the equinox and 
that of the foljiice, caufid by the aclitm. of the 
fun. 

By Art. 14. the formula is f A x JL. x a a. 

zvr 
Putting, inftead of A> its value of Art. 20. inftead 1 

of -, which is the ratio of die fine of the obliquity of 
the ecliptic to the radius - 39 f ? , we fhall Jiave 

I OOOOOOQ 

Iii 2 in- 
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infteadof a, — » — *s — a T — — x i8o dec, 

(fincetf t is the femi-circumferenee of the circle 
wherein this inclination is performed) we mail 

have -I-: * — —-2 x 39 * I-5y xlx 180 deg. 
365* 4x176 IOOOOOOO zz ° 

« (after reduction) 57'". if". 

Problem XV. 

29. T0 find the difference of the inclination of the 

earth's axe to the plane of the lunar orbit \ when the 

moon arrives at its point ofjlation, 90 degrees difiant 

jrom the node of the equator with the lunar orbit \this 

difference of inclination being caufed by the moon. 

By Art. 18. the variation of inclination will be 
j-Bx — * aa. 

Putting, inftead of B y its value of Art. 30.; in- 
inftead of M, which expreffes the time of the 
moon's revolution about the earth, 27 | days j in- 
ftead of -, the mean value ~^- " . I f av mean 

r I 0000000 J 

value } becaufe the earth's axe is not always equally 
inclined to the plane of the lunar orbit, as has been 

mewn in Art. 10. $*» we mall have * x -/, * x 

(3 6 5«) 

_£ZjL x -i^- ^-£ x a ss (putting, as in the pre- 

2 x 176 IOOOOOOO 

ceding 
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ceding Problem, inftead of a, Z. x 180 degrees) f x 

/ }'■ •• . x ??* 2 x $9W5$ X Z x 1 80 degrees, = 
i3 6 Si) •2x170 10000000 22. & 

(after reduction) 10'". ip"". 

Problem XVI. 

40. To find the motion of the node of Jupiter'* fourth 
fatellite, caufed by the fun t during the time of \ of a 
revolution of that fatellite about the fun. 

We need only make ufe of the formula of Pro-,- 
blem XI. wherein, conformably to Art. 25. we muft 

make =1, t === x6.* days, being the time of 

1— ^za 

the revolution of the fatellite about Jupiter.} 7"= 

$6s\ x 12 days, which is the time of the fatellite's 

revolution about the fun, or about 12 years j -,=1, 

r 

becaufe the orbit of die Satellite is but little inclined 
to the ecliptic, and, confequendy, the axe thereof 
nearly at right angles thereto. 

We mall have then^x^or4^i-xi^. de S- 
T 8 36ffxn 8 

This is the motion of the node of this fatellite in 

3 years, or during £ of its revolution about the fun. 

Remark. 

41, By this may be found the motion of the nodes 
of the reft of "Jupiter's fatellites. For it appears, 
from* the formula^ that the motion of the nodes of 

different 
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different fatellites of the fame planet, is as the times- 
of their revolutions aboat the planet* 
Thus the motion of the nodes of the 3d fateilite, 

m the fpate of 3 years, is ■■ , J t ° ■ x -5-. ° 

The motion of the nodes of the 2d is ? •*** 

$65* * 12 
180 deg. 

The motion of the nodes of the ift is $ l + 

3 6 5t * 1* 
180 deg; 

Problem XVII. 

42. To find the motion of the nodes of the pb fatei- 
lite of Saturn* canfed by the fun t during the time 
of i of the revolution of this fateilite about the 
fun. 

Conformably to the preceding Problem we mail 
|jave, by putting inftead of /, 79$ days * inftead of 
^t^6fi% 30 days* which is nearly the time of the 
revolution of this fateilite about the fun* and we ihall 

36-51*3° ^ 

43. In the fame manner may be found the motion 
of the nodes of all the reft of Satitrti% fatellites. 



Pro. 
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Problem XVIII, 

44. To find the motion of the moon's node during the 
time that the fun is .faffing from the node of the 
moon's orbit with the ecliptic, to its point offtatiow, 
that is, in three months, wanting a few days. 

Here we are to make ufe of the formula of Art. 13. 

becaufe the motion of the moon's nodes is very fen- 

fible in refpect of the motion of the fun. 

T & 7* 

We fhall have A b x— x^ x ( 1 — A b x x I) ; and 

%r 4 v z-n-r 

employing the values of Prok XI, except that here 
t = 27! days, which is the time of the moon's re- 
volution about the earth, and that - = to the fine of 

r 

85 deg. divided by the radius; the axe of the lunar 
orbit being inclined in an angle of about 8 jr degrees to 

the ecliptic. Therefore - = -2°.-I2i?. Laftly, by, 
r r 1 0000000 •" ' 

Art. a f. we mat* take — — 5= 1, and the preceding 

X" ■ 2*1 

formula will be changed into this, 3 X2 7 3 % _9 — ££4£ 

365-4- 1 0000000 

,' 8ode g- v(l _3»7i y 99^9^7 y 3 L (after 
8 3<>5t 1 0000000 c x %J K 

reduction) 4 . 36'. 33". 

This is the motion of the moon's node during the 

time that the fun is paffing from the node of the 

moon's orbit with the ecliptic to its point of ftation ; 

that is, during the time the fun is moving 00 — 4 de- 
grees 
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grees, 36 minutes, 33feconds, or 8f>. 23'. 27". And 
if the motion of the node be required for one year, 
'tis only multiplying the motion, juft found, by 

g-r-Mr — tt, and it will be found io°. 2<'. 20". 
Zf.2j.2f/ y 7 3y 

being a very fmall matter more than the truth, for 
reafons which will be explained elfewhere, and be- 
caufe we have taken 2j\ days for the time of the 
moon's revolution about the earth, which is really a 
Httle lefs than that quantity. 

Problem XDC 

45. To find the greatefi difference of the inclination 
of the lunar orbit to the ecliptic j which happens 
when the fun arrives at his point ofjlation with 
regard to the moon. 

Here the formula of Art. 15. muft be made ufe of, 

which gives ^Aa ax — x ( 1 — i Ah x hop, 

2 icr 2 tt rs 

which is the fame, £ A* ?— x— x(i— | A* ■ — ), 

7 
fubfiituting the values as in the preceding Problem, 

and inftead of — , putting — ■ ?" ■- , which is the ra- 
r f 10000000 

tio of the fine of ?° to radius, we mail have * - ■' 3 x 

^ x _JZ£ffi x 2.xi8bdeg.x(i^xHi?l 
2x2 10000000 22 307* 

9961947 



:J= .;■. „'. 
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Remark. 

46. It fhould be obferved, that, to fhorten the 
computations, I have contented myfelf with taking 
the times of the revolutions pretty near the truth; 
but if the utmoft exa&nefs be required, the accurate 
times of the revolutions muft be employed. 

47. This might be a proper place to add the me- 
thod of determining the perturbation of the orbit of 
any planet, as derived from another planet; but 
fince this depends upon no other than the very fame 
principles that have been made ufe of in this me- 
moir, and as their application will be (hewn, in its full 
extent, in the memoir which I am going to print, and 
intend myfelf the honour of fending to the Royal So- 
ciety, I fhall defift, that I may not run this paper to a 
greater length. 



LIX. A "Letter to the Right Honourable 
George Earl of Macclesfield, P. R. S. 
concerning the ages of Homer and Hefiod . 
By George Coftard, M.A. 

My Lord, 
Read Dec. 13, TTT feems to be an opinion pretty gene- 
1753 X ra lty received, that Homer and He- 
fiod lived much about the fame time. If this be 
true, and they did fo, whatever arguments prove the 
age of one, will equally ferve for fixing that of the 
other. What that age was, is indeed not at all agreed 
on among writers ; the only thing in which they con- 

Kkk fpire 



